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ABSTRACT

This paper investigates the geometric and dynamical properties of Euclidean space
endowed with a torsion tensor that framework is known as metric-affine geometry
with a flat metric. We analyze the consequences of relaxing the torsion-free condition
in Euclidean geometry. While classical Euclidean geometry assumes a symmetric,
metric-compatible connection (Levi-Civita), we allow the connection to have an an-
tisymmetric part determined by an independent torsion tensor. This simple yet rich
extension reveals profound departures from Riemannian intuition: geodesics may
deviate from straight lines, parallel transport becomes path-dependent even in flat
space, and curvature can emerge purely from torsion. We derive explicit formu-
las for the connection, curvature, and geodesic equations in Cartesian coordinates.
Through variational principles, we obtain field equations that couple torsion to the
geometry, illustrating how torsion can be interpreted as an independent physical
field (e.g., electromagnetic). The results highlight the operational meaning of torsion
through closure failure of infinitesimal parallelograms and provide a clear pedagogi-
cal foundation for more advanced theories such as Einstein—Cartan, teleparallel, and
metric-affine gravity.
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1. Introduction

In standard differential geometry, Euclidean space is characterized by a flat metric
gij = 0;; and a symmetric, metric-compatible connection (the Levi-Civita connection),
which vanishes in Cartesian coordinates. This framework underlies classical mechanics
and field theories in flat spacetime. However, generalizing the connection to include
torsion—a tensor Sfj antisymmetric in its lower indices—leads to a richer geometry
known as metric-affine geometry (Cartan, 1922; Hehl et al., 1976; Trautman, 2006).
Such geometries have gained attention in unified field theories, where torsion is often
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associated with spin densities or electromagnetic fields (Hammond, 2002; Shapiro,
2002; Puetzfeld, 2005).

The foundational paper by Yaremenko (2014) developed the general theory of spaces
with geometric structure generated jointly by metric and torsion tensors, deriving
field equations from a variational principle. Building upon this work, we explore the
simplest non-trivial case: Euclidean space with torsion. This space, denoted by
Y™ following Yaremenko’s notation, possesses a flat Euclidean metric but is endowed
with a non-zero torsion tensor. Despite the flat metric, the presence of torsion modifies
parallel transport, geodesic motion, and even induces curvature.

Our objectives are:

(1) To derive explicit coordinate expressions for the connection, curvature, and
geodesics in Euclidean Y™ with torsion, using Yaremenko’s decomposition theo-
rem.

(2) To demonstrate the geometric meaning of torsion via the failure of parallelogram
closure and compute the associated gap in the Euclidean context.

(3) To obtain the field equations from a variational principle in this simplified setting
and discuss their physical interpretation, particularly in relation to electromag-
netism.

(4) To provide concrete examples, such as constant totally antisymmetric torsion in
three dimensions, illustrating how torsion generates curvature in an otherwise
flat Euclidean space.

This study serves as a pedagogical illustration of the effects of torsion in a simplified
setting, clarifying the geometric and physical implications of torsion independently of
metric curvature. The results provide a foundation for understanding more complex
metric-affine geometries and their potential applications in unified field theories.

2. Geometric Structure of Euclidean Space with Torsion

2.1. Metric and Torsion Tensors in Y™

Following [20], we denote by Y™ an n-dimensional differentiable manifold endowed
with a geometric structure generated jointly by a metric tensor g;; and a torsion
tensor Sf“J In the general theory developed by [20], Y™ represents a space where both
curvature and torsion can coexist, with the connection determined uniquely by the
metric compatibility condition and the given torsion tensor.

In the present work, we focus on the special case where Y™ is a Euclidean space—
that is, the manifold is R™ and the metric is flat. In Cartesian coordinates {z'}, the
metric takes the simple form g;; = d;;.

The torsion tensor Sfj is introduced as an independent geometric object that is
antisymmetric in its lower indices:

k _ _ ok

The metric tensor defines lengths and angles, while the torsion tensor characterizes
the antisymmetric part of the connection and, as we shall see, influences parallel
transport and geodesic motion.

The connection Ffj of Y is required to be metric-compatible, meaning the covariant
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derivative of the metric vanishes:

Vigij = Ogij — Thegi; — Fé’kgil = 0. (2.2)

For the Euclidean metric g;; = d;5, this condition reduces to:

Fz’jk + Fjik =0, (2.3)

where I';j;, = 6;€5Féj. Equation (2.3) expresses the fact that, in Cartesian coordinates,
the connection coefficients are antisymmetric in the first two indices when all indices
are lowered with the Euclidean metric. This property is crucial for the subsequent
derivation of the connection in terms of the torsion tensor.

In the general case of a non-Euclidean metric, the connection is uniquely determined
by the metric and torsion via the decomposition theorem of [20]. In the Euclidean
setting, however, the connection will be shown to depend solely on the torsion tensor,
illustrating how torsion can induce non-trivial geometric effects even in a flat metric
background.

2.2. Connection Decomposition Theorem

Following [20, Theorem 1], given a metric tensor g;; and a torsion tensor Sfj on the

space Y, there exists a unique metric-compatible connection Fﬁl. This connection can
be decomposed into two distinct geometric objects:

Iy = Py + Ly, (2.4)

where P}, depends only on the metric and its derivatives, while L, incorporates both
metric and torsion. Explicitly:

1 .

Py = 597”(91‘19,1 + Glik — Gkli)s (2.5)
1 1 .

Lil = isgl + §gm(gl~cm‘5’ﬂ1 + glmsgf)- (26)

The object P?, has the same form as the Christoffel symbols in Riemannian geometry
but does not transform as a connection under coordinate changes when torsion is
present. The tensor Lil consists of two parts: the antisymmetric torsion tensor and a
symmetric combination that couples the metric to torsion.

In the special case of Euclidean Y™ with metric g;; = d;; in Cartesian coordinates,
all partial derivatives of the metric vanish (g;; = 0), and the inverse metric is simply
g¥ = 0¥. This leads to significant simplifications:

Pl =0, (2.7)

1 ko, ol
1fy =5 (Sh+ S+ 5k,) (2.8)
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where indices are raised and lowered with the Kronecker delta d;;. Consequently, the
connection reduces to:

1
I =5 (S5 + Sk + 5k, - (2.9)

A direct calculation confirms that the antisymmetric part of this connection equals
the torsion tensor:

e, =T = Sh, (2.10)

which is consistent with the definition of torsion as the antisymmetric part of the
connection. Equation (2.9) reveals that in Euclidean Y, the connection is determined
entirely by the torsion tensor, illustrating how torsion can introduce non-trivial parallel
transport even in a flat metric space.

2.3. Covartant Derivatives

For a vector !, the covariant derivative is:
ulk = Opu’ + Fékuj. (2.11)
The commutator of covariant derivatives reveals the torsion and curvature:
ufj;k - ufk;j = Rlijkul + S;kufl, (2.12)

where Rfj i 1s the curvature tensor.

3. Parallel Transport and Geometric Meaning of Torsion

3.1. Closure Failure of Infinitesimal Parallelograms

A fundamental geometric interpretation of torsion emerges when considering parallel
transport around infinitesimal loops. In Euclidean space Y™ with torsion, consider
an infinitesimal parallelogram defined by two vectors At and B’r, where 7 is an
infinitesimal parameter.

The conventional process of parallel transport in Riemannian geometry (where tor-
sion vanishes) preserves the closure of such parallelograms. However, in the presence of
torsion, when we parallel transport the vector A’ along B/7 and then parallel trans-
port B/t along A'r, the parallelogram fails to close. As shown by [20], the resulting
gap vector Z*, measured to second order in 7, is:

k _ Qk pAipj.-2
Z* = SEAIBIz2, (3.1)

The squared magnitude of this gap in the Euclidean metric (g;; = d;;) is:
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|Z)? = gpg2? 2% = gpqS%SZlAiBjAkBZT4' (32)

For the Euclidean case with g;; = d;;, this simplifies to:

|Z|? = 6,48, S} A’ B A* Blr*, (3.3)

Equation (3.1) provides an operational definition of the torsion tensor: Sfj measures
the non-closure of infinitesimal parallelograms under parallel transport. This geomet-
ric interpretation distinguishes torsion from curvature; while curvature measures the
rotation of a vector when transported around a closed loop, torsion measures the
translation or displacement resulting from such transport.

The gap vector Z* has several important properties:

(1) It is bilinear in the vectors A* and BY.

(2) It is antisymmetric: reversing the order of transport (i.e., swapping A® and B7)
changes the sign of Z*, consistent with the antisymmetry of Szkj

(3) It vanishes if and only if torsion is zero, recovering the closure property of Rie-
mannian geometry.

This geometric manifestation of torsion offers an intuitive understanding of its phys-
ical significance in unified field theories, where it may be associated with intrinsic spin
or other microscopic properties of matter.

3.2. Parallel Transport Equations

In the space Y™ with Euclidean metric and torsion, the parallel transport of a vector
V' along a curve parameterized by 7 with tangent vector u* = da* /dr is governed by
the condition:

Dvi  avi
= i Viuk =0, (3.3)

where F;k is the connection given by (2.9). This equation ensures that the vector V*
is transported along the curve without change with respect to the connection.

In standard Euclidean geometry without torsion (F; x = 0in Cartesian coordinates),
parallel transport preserves the vector’s components, making it path-independent.
However, in Y™ with torsion, even though the metric is flat (g;; = J;5), the connection
coefficients F;k do not vanish in general. Substituting the expression (2.9) for the
connection yields:

DVI Vi 1. ‘
= T (S S+ Sh) Vi =0, (3.4)

Thus, the presence of torsion introduces a coupling between the transported vector
and the tangent direction of the curve, causing the vector to rotate as it is transported.
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The non-zero connection coefficients imply that parallel transport becomes path-
dependent. Specifically, if a vector is transported along two different curves connect-
ing the same two points, the resulting vectors at the endpoint may differ. This path-
dependence is directly related to the closure failure discussed in Section 3.1: transport-
ing a vector around an infinitesimal parallelogram does not return it to its original
value, with the discrepancy given by (3.1).

To see this connection explicitly, consider an infinitesimal closed loop. The change
in a vector V* when transported around such a loop can be expressed in terms of the
curvature and torsion tensors. In Y with Euclidean metric, the curvature tensor is
generally non-zero due to torsion, contributing to the path-dependence. However, even
in the absence of curvature (if the torsion is constant, for example), the torsion itself
leads to a translation of the vector, as captured by the gap vector Z* in (3.1).

Thus, the parallel transport equation (3.3) highlights a fundamental departure from
Riemannian geometry: in Y" with torsion, the notion of "keeping a vector constant”
along a curve depends on the path, reflecting the richer geometric structure induced
by torsion.

4. Geodesics in Euclidean Space with Torsion

4.1. Geodesic Equation

In the space Y" with Euclidean metric and torsion, geodesics are defined as curves
whose tangent vector is parallel transported along the curve itself. Taking the tangent
vector as V' = dx'/dr in the parallel transport equation (3.3), we obtain the geodesic
equation:

d?z* , Azt %

dr2 ~—  Ydr dr-

(4.1)

This is the standard form of the geodesic equation, but with the crucial difference
that the connection Ffj now includes torsion contributions. Substituting the explicit
expression for the connection in Euclidean Y™ from (2.9) yields:

d2 k 1 ) . o
d:; -2 (sf; + S+ ka> #i, (4.2)

where we denote ' = dx’/dr. Noting that Sfj is antisymmetric in ¢ and j, we have
Sfj:ti:tj = 0, since the product i’ is symmetric. Therefore, (4.2) simplifies to:

d2 gk

P ( T+ ka) ' (4.3)

This equation reveals that in Euclidean Y™ with torsion, geodesics are generally not
straight lines (for which d?z*/dr? = 0). The torsion tensor acts as a force field that
deflects particles from inertial motion, even in the absence of metric curvature.

Theorem 4.1. In Euclidean Y™ with torsion, geodesics are straight lines if and only
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if the torsion tensor satisfies the condition:

S;-k + ka =0 foralli,j,k.

This condition is equivalent to the total antisymmetry of the torsion tensor, i.e., S;jp =
Sigh)-

Proof. 1f S;j; is totally antisymmetric, then S;.k = 5il5ljk is antisymmetric in all
indices. In particular, it is antisymmetric in ¢ and j, so S;k:t’ﬁcj = 0 for any z'. The
same holds for ka Hence, the right-hand side of (4.3) vanishes, and the geodesic
equation reduces to d?z*/dr? = 0, which describes straight lines.

Conversely, if geodesics are straight lines for all possible initial velocities, then (4.3)
must vanish identically. This implies that the tensor T;k = ]’k + Sgk must be zero.

Contracting T%, with arbitrary vectors and using the antisymmetry of S]i»/,C in its lower
indices leads to the conclusion that S;;; must be totally antisymmetric. O

The theorem highlights an important special case: when torsion is totally antisym-
metric, it does not affect the geodesic motion of spinless particles. This result is con-
sistent with the Einstein-Cartan theory, where totally antisymmetric torsion couples
only to the spin of particles, not to their mass.

For general torsion, however, equation (4.3) shows that geodesics deviate from
straight lines. This deviation is quadratic in the velocity, unlike the linear velocity
dependence of the Lorentz force in electromagnetism. This suggests that if torsion is
to represent electromagnetic effects, additional assumptions or modifications to the
geodesic equation may be necessary, such as introducing a coupling constant or con-
sidering the motion of charged particles in a different manner.

4.2. Variational Principle for Geodesics

In Riemannian geometry, geodesics can be derived from a variational principle as
curves that extremize the arc length between two points. In the space Y™ with Eu-
clidean metric and torsion, the arc length of a non-isotropic curve x%(t) (where the
tangent vector is never null) is given by:

t2 dx* dzJ
5= /t1 T dt. (4.4)

For the Euclidean metric g;; = d;, this reduces to the standard expression for arc
length in R™.

In the absence of torsion, the condition §s = 0 yields the geodesic equation, which
in Euclidean space corresponds to straight lines. However, in the presence of torsion,
the variation of the arc length acquires an additional term. Following [20], the first
variation of s is:

t2 - dxt daP
532/ giiS?, —— ——6zF dt. 4.5
TPk g dt (4.5)
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This result can be derived by considering the standard variation of the arc length
functional and taking into account the torsion-dependent part of the connection. The
presence of the torsion tensor S;k in the integrand indicates that the extremization of
arc length is affected by torsion.

The variational principle s = 0 for arbitrary variations dz* leads to the condition:

o dxt dxP

ik gy g = 0 (4.6)

For a non-degenerate metric, this implies that S]j?kjcij:p = 0 for all 4, k. This condition

is generally not satisfied unless the torsion tensor vanishes or has specific algebraic
properties.

Therefore, in Y™ with torsion, curves that extremize arc length (i.e., satisfy ds = 0)
are not necessarily geodesics as defined by the parallel transport of their tangent
vectors. This is a departure from Riemannian geometry, where the two definitions
coincide. Only when the torsion tensor satisfies (4.6) for all possible tangent vectors
do the extremal curves coincide with geodesics. In particular, if SIJ,IC = 0, we recover
the classical result.

This discrepancy highlights the richer geometric structure of spaces with torsion.
The variational principle based on arc length does not, in general, yield the same
curves as the geodesic equation (4.3). This suggests that in such spaces, the principle
of extremal length might not correspond to the motion of free particles, which are typ-
ically described by the geodesic equation. Alternatively, one might consider a different
action functional that leads to the geodesic equation in the presence of torsion, such
as one involving the connection directly.

In summary, the variational principle for arc length in Euclidean Y with torsion
yields an additional torsion-dependent term. As a result, the curves that extremize
length are not generally geodesics, indicating a fundamental difference between the
geometric and variational definitions of ”straight lines” in spaces with torsion.

5. Curvature Generated by Torsion

5.1. Curvature Tensor

In differential geometry, the curvature tensor measures the failure of parallel transport
to commute when moving around infinitesimal loops. In the space Y™ with Euclidean
metric and torsion, the curvature tensor is defined in the standard way:

Rfkl = 6kl“ﬁ — 8J‘£i + qul—‘?i — I‘quZi. (5.1)

Although the metric is flat (g;; = d;5), the curvature tensor can be non-zero because
the connection Fil depends on the torsion tensor, which may vary from point to point.
This is a key distinction from Riemannian geometry, where a flat metric implies zero
curvature. In Y, the torsion introduces an additional source of curvature, even in the
absence of metric curvature.

Substituting the expression for the connection in Euclidean Y™ from (2.9) into (5.1)
yields the curvature tensor in terms of the torsion tensor and its derivatives. After
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straightforward but lengthy algebra, we obtain:

01 (St + 81y 53) = 0 (%, + 5, + 53
+ (S8, + Sy 55.) (Sh+ Sty + i) (5.2
B <Sﬁz + Sflzp + SZZ) (Sgi + Squ + Sék) }

This expression reveals that the curvature tensor in Y depends on both the torsion
tensor and its first derivatives. Even if the torsion is constant, the quadratic terms in
torsion can still produce non-zero curvature.

From the curvature tensor, we can form the Ricci tensor by contraction:

. _— pPb
Ry, =R,

(5.3)
In Euclidean Y™, this contraction simplifies due to the flat metric, but the resulting
Ricci tensor is generally non-zero if torsion is present.

The curvature tensor in a space with torsion also satisfies a generalized Bianchi
identity. However, unlike in Riemannian geometry, this identity includes torsion terms.
In [20], author provides a detailed discussion of these identities in the general context
of Y™

The fact that curvature can be non-zero in a space with a flat metric but non-
zero torsion has important implications. It means that geometric effects traditionally
associated with curvature, such as geodesic deviation, can arise purely from torsion.
This challenges the Riemannian paradigm where curvature is solely determined by the
metric. In Y™, both metric and torsion contribute to the curvature, offering a richer
geometric framework for unified field theories.

In the next subsection, we will examine a concrete example of constant torsion in
three dimensions, which illustrates how torsion generates constant curvature in an
otherwise flat space.

5.2. Example: Constant Totally Antisymmetric Torsion in 3D

To illustrate how torsion can generate curvature in an otherwise flat space, consider the
specific case of three-dimensional Euclidean Y3 with constant totally antisymmetric
torsion. In Cartesian coordinates, let the torsion tensor be given by:

Sz'jk = Teijk, T e R, (53)

where €5 is the Levi-Civita symbol (completely antisymmetric with €23 = 1), and
T is a constant. This form of torsion is particularly significant in physics, as totally
antisymmetric torsion appears naturally in string theory and supergravity.

Substituting (5.3) into the expression for the connection in Euclidean Y™ (2.9), and
using the properties of the Levi-Civita symbol, we obtain:

3T
T = 76pk17 (5.4)
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where indices are raised with the Euclidean metric 6%. Note that €’ el = 0P €kl

To compute the curvature tensor, we substitute (5.4) into the definition (5.1). Since
the torsion is constant, the derivative terms in (5.2) vanish, leaving only the quadratic
terms. After simplification, we find:

972
Ry, = e (epkqeqli - eplqeqki) : (5.5)

Using the well-known identity for the product of two Levi-Civita symbols in three
dimensions:

epkqeqli = 0, Oi — 05 O, (5.6)

the curvature tensor simplifies to:

972

Riy = 4 (07 Oki — 267 11 + S30u) - (5.7)

Contracting the first and third indices to form the Ricci tensor, we obtain:

2
L (58)
This result demonstrates a remarkable phenomenon: constant totally antisym-
metric torsion induces constant positive Ricci curvature in an otherwise
Euclidean space. The Ricci curvature is proportional to 72 and has the form of a
cosmological constant term in Einstein’s equations.
Several important observations follow from this example:

(1) The curvature is non-zero even though the metric is flat. This contradicts the
Riemannian intuition that a flat metric implies zero curvature.

(2) The curvature is constant and isotropic, reflecting the homogeneity and isotropy
of the constant torsion field.

(3) The sign of the curvature is positive, regardless of the sign of T', since it depends
on T72.

(4) This example provides a concrete realization of how torsion can mimic the effects
of metric curvature, a key idea in teleparallel formulations of gravity.

The scalar curvature R = ¢'* R;;, in this case is:

o (97?2 27T?
R— 5 (2 ik): ke (5.9)

Thus, the entire space has constant positive scalar curvature proportional to T2.

This example clearly illustrates one of the central themes of this paper: in spaces
with torsion, the geometric structure is richer than in Riemannian spaces. Curvature
can arise from torsion alone, opening up new possibilities for geometric descriptions
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of physical fields. In particular, it suggests that what we normally attribute to metric
curvature in general relativity might, in alternative formulations, be encoded in torsion.

5.3. Ricci-Jacobi Identity

In Riemannian geometry, the Riemann curvature tensor satisfies the first Bianchi iden-
tity, also known as the Ricci identity, which in the absence of torsion takes the form
Rﬁ'kl] = 0. However, in spaces with torsion, this identity is modified to include tor-
sion terms. For the space Y™ with Euclidean metric and torsion, the Riemann tensor
satisfies a generalized Ricci-Jacobi identity, as derived by [20]:

Ry + Ry + Rpy = Shy + Siys + St + S5,Sk + SkyShi + S1,Si: (5.10)

Here, the semicolon denotes the covariant derivative with respect to the connection
I'7,, which includes torsion. The left-hand side is the cyclic sum over the last three
indices of the Riemann tensor, while the right-hand side consists of cyclic sums of the
covariant derivative of the torsion tensor and quadratic terms in the torsion tensor.

This identity reduces to the standard first Bianchi identity of Riemannian geometry
when torsion vanishes. It is an important algebraic relation that constrains the curva-
ture and torsion tensors, and it plays a crucial role in the derivation of field equations
from a variational principle.

In the case of constant torsion, the covariant derivatives of the torsion tensor vanish
(since the partial derivatives are zero and the connection terms cancel out due to the
antisymmetry of torsion). Then the identity simplifies to:

This simplified identity can be verified for the example of constant totally antisym-
metric torsion in 3D. Substituting the torsion tensor S;j; = T'¢;jr and the curvature
tensor (5.7) into (5.11) confirms the validity of the identity in that specific case.

The Ricci-Jacobi identity (5.10) is one of several Bianchi-type identities that hold
in spaces with torsion. The other identities include the second Bianchi identity, which
also acquires torsion terms, and the Bianchi identity for the torsion tensor itself. These
identities are essential for understanding the integrability conditions and the conser-
vation laws in theories with torsion.

In summary, the Ricci-Jacobi identity illustrates how the presence of torsion mod-
ifies the algebraic properties of the curvature tensor. This modification has profound
implications for the geometry of Y™ and for the formulation of physical theories in
such spaces.

6. Field Equations from Variational Principle

6.1. Action Functional

The field equations for the space Y" with Euclidean metric and torsion can be derived
from a variational principle. Following [20], we consider an action functional that
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depends on both the metric and the torsion tensor. A natural choice, which reduces
to the Finstein—Hilbert action when torsion vanishes, is:

5= / (Rax + 838L,) g™ v=g d"a, (6.1)

where R;, = prk is the Ricci tensor formed from the curvature tensor (5.1), and

Sgl is the torsion tensor. The integrand consists of two parts: the Ricci scalar term
R = ¢'* R;},, which is the usual curvature scalar, and a quadratic torsion term Sgl S’,lc y g'*.
The latter can be viewed as a “kinetic” term for the torsion field, analogous to the
F,, F* term in electromagnetism.

In the Euclidean setting with metric g;; = d;;, the determinant g = det(g;;) = 1,
s0 v/—¢g = 1 (the minus sign is irrelevant in the Euclidean signature). Moreover, the

inverse metric is simply ¢g’* = ¢°*. Consequently, the action (6.1) simplifies to:

S = / <Rik + Sg’ls,gj> k. (6.2)

The variation of this action with respect to the independent fields—the metric and
the torsion (or equivalently the connection)—yields the field equations that govern the
geometry of Y". It is important to note that, in the presence of torsion, the connection
is not uniquely determined by the metric; therefore, we treat the metric and the
connection (or the torsion) as independent variables in the variational principle.

The action (6.1) is a special case of more general metric-affine actions studied in the
literature. Its choice is motivated by the desire to obtain field equations that are second
order in derivatives and that generalize the Einstein equations to include torsion. In
the following subsections, we will perform the variations and derive the corresponding
field equations.

6.2. Variation with Respect to Metric and Connection

The action functional (6.1) depends on two independent geometric objects: the metric
tensor g;; and the connection Ffj (or equivalently, the torsion tensor Sfj) To derive
the field equations, we perform independent variations with respect to these variables.

6.2.1. Variation with Respect to the Metric

Varying the action with respect to the inverse metric ¢?* while keeping the connection
fixed yields:

548 = / (Rik + sglsgj) V=gdg*d"z =0, (6.3)

where we have used the fact that 6(\/—g) = —%\/—g gi0¢"* and that the variation
of the integrand with respect to ¢’* gives the expression in parentheses. Since §¢** is
arbitrary, we obtain the field equation:
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R, + S}S); = 0. (6.4)

In the Euclidean case with g;; = d;;, this equation simplifies to:

R, + S8}, =0, (6.5)

where the indices are raised and lowered with the Kronecker delta.
For the example of constant totally antisymmetric torsion in 3D, substituting (5.8)
and (5.3) into (6.5) gives:

972
72 5lk + T2€jilflkj =0.
Using the identity €;;€x; = —20;,, we obtain:

972 51
<2 - 2T2> O = ——0ir = 0,

which forces T = 0. Thus, constant totally antisymmetric torsion cannot satisfy the
vacuum field equation (6.5). This indicates that in a vacuum, torsion must be dynam-
ical rather than constant.

6.2.2.  Variation with Respect to the Connection

Varying the action with respect to the connection Ffj (or equivalently, the torsion

tensor SZ) is more involved. After a lengthy calculation [20], one obtains the following
field equation:

g,lli - Egljgpqg{)k? + g™ + glprip
VAN .
k(43— 59 0" + T, ) (6:)
97T, +2 (9780, + 978}, = 0.

This equation can be simplified by contracting indices. Contracting ¢ and k yields
an identity, while contracting j and k gives:

3 . .
=397 + 59" 9pag} = 39" T} + g*Sh; =0. (6.7)

Using (6.7), equation (6.6) can be rewritten in a more symmetric form. For the
Euclidean metric g;; = d;j, the partial derivatives of the metric vanish, and (6.6)
reduces to:
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% + T8 — 6% — 6]10 + 2 (S;ik + ka) =0. (6.8)

Substituting the expression for the connection (2.9) into (6.8) yields constraints on
the torsion tensor. These constraints, together with equation (6.5), form the complete
set of field equations for Euclidean Y™ with torsion.

In summary, the variational principle leads to two sets of field equations: one from
the metric variation, which couples curvature and torsion quadratically, and one from
the connection variation, which imposes compatibility conditions between the metric
and torsion. In the following subsection, we will explore the physical interpretation of
these equations.

6.2.83. Metric Variation

The variation of the action (6.1) with respect to the inverse metric g% yields the field
equation:

R, + SJ,S}; = 0. (6.3)

This equation couples the Ricci tensor, which encodes curvature, to a quadratic
combination of the torsion tensor. In the Euclidean case with g;; = d;;, the Ricci
tensor is given by (5.8) for constant totally antisymmetric torsion.

For the 3D constant torsion example discussed in Section 5.2, we substitute the
Ricci tensor (5.8) and compute the quadratic torsion term:

S3Ski = TPejaen; = =210, (6.4)

where we have used the identity €€, = —26;,. Substituting these into (6.3) gives:
97? 5772

(2 - 2T2> Ok = —50uw=0 = T=0 (6.5)

This result shows that constant totally antisymmetric torsion cannot satisfy the
vacuum field equation (6.3) in three-dimensional Euclidean Y3. Therefore, if torsion is
present in vacuum, it must be dynamical—varying from point to point—rather than
constant. This is analogous to the situation in electromagnetism, where a constant
electromagnetic field does not satisfy Maxwell’s equations in vacuum without sources.

The condition 7' = 0 in this example suggests that the simple action (6.1) does not
admit constant torsion solutions in vacuum. This may indicate the need for additional

terms in the action or the inclusion of matter sources to support a constant torsion
field.

6.2.4. Connection Variation

Varying the action with respect to the connection Ffj yields the compatibility condition
between the metric and torsion. Following the derivation of [20], we obtain:
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1 1
P P P P P P\ _
Gigik — §gz‘j9pq9pq;k +9iply; + 93Ut — 9ig Uiy — ggjksz'p+2 <9ijz'k + 9ipSkj> =0. (6.6)
Here, the semicolon denotes the covariant derivative with respect to the connection
FZZ. This equation ensures that the connection is compatible with both the metric and
the torsion in the sense that it extremizes the action.
For the Euclidean metric g;; = d;;, the covariant derivatives of the metric vanish,

and (6.6) simplifies considerably. Using I';j;, = 5leéj, we obtain:
1
Fijk + Fjik: — %Fip — §5jk5§7 +2 (Skij + Sikj) =0. (6.7)

By contracting indices in (6.7), we can derive constraints on the torsion tensor. For
instance, contracting ¢ and j yields:

L

2T, —nl'y, — 3

Shp T2 (Skii + Siki) = 0, (1)
which further simplifies using the properties of the torsion tensor. These constraints
must be satisfied by any torsion field in Euclidean Y.

Equation (6.6) (or its Euclidean counterpart (6.7)) complements the field equation
obtained from the metric variation. Together, they determine the geometry of Y by
relating the metric, connection, and torsion.

6.3. Generalized Einstein-Hilbert Equations with Matter

To incorporate matter fields into the theory, we add a matter action Sy, to the ge-
ometric action (6.1). The total action becomes Siotal = S + Spn, where S, depends
on the matter fields and possibly on the metric and torsion. The energy-momentum
tensor of matter is defined as:

2 08w
V=g og*

Varying the total action with respect to the inverse metric ¢** yields the field equa-
tions in the presence of matter. Following citeYaremenko2014, the resulting equations
are:

Ty, =

1
Rig = 5ginR + 1St + St Shy + gkpg™ Sit Sk, 65)
. 1 . '
+5%Sk; — isglsiquqgik = KT,

where K is a coupling constant that depends on the gravitational constant and the
details of the matter coupling. The left-hand side of (6.8) generalizes the Einstein

15
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tensor Gy, = R — %gikR by adding terms quadratic in the torsion tensor. These
additional terms represent the contribution of torsion to the effective stress-energy.
In the vacuum case where T;; = 0, equation (6.8) reduces to:

1 .
=5 Sk gk = 0. (6.9)

1 ¢ S
Ri = 50ir+ 85,80 + 50 Sig + 9rp9" S Sing + 5155 — 55

ip™~qk

This vacuum equation is more complex than the simple equation (6.3) obtained
from the metric variation of the pure geometric action. The difference arises because in
the full variational principle, the connection (or torsion) is also varied independently,
and the resulting connection field equation (6.6) must be satisfied simultaneously.
Combining (6.6) and (6.9) can lead to simplifications. In particular, taking the trace
of (6.9) and using (6.6) may reproduce (6.3) under certain conditions. However, a
detailed analysis of these equations in the Euclidean case is beyond the scope of this
paper.

Equation (6.8) represents the analogue of the Einstein field equations in the space
Y™ with torsion. It suggests that both curvature and torsion contribute to the geometry
and that matter acts as a source for this combined geometric structure. This framework
provides a unified description of gravitational and possibly other interactions, such as
electromagnetism, if the torsion tensor is suitably interpreted.

7. Physical Interpretation and Applications

7.1. Torsion as a Force Field

The geodesic equation in Euclidean Y™ with torsion, given by (4.3), can be rewritten
as:

i* = = (S5, + 8%, ) ', 2)
where dots denote derivatives with respect to the parameter 7. This equation describes
the acceleration of a particle moving along a geodesic. Unlike in classical mechanics
where forces are typically linear in velocity, the right-hand side is quadratic in the
velocity @*. This indicates that torsion acts as a velocity-dependent force.

A natural comparison can be made with the Lorentz force law in electromagnetism,
which describes the motion of a charged particle in an electromagnetic field:

. q i
ik = EF]W’ (3)

where ¢ is the charge, m the mass, and Fj; the electromagnetic field strength tensor.
The Lorentz force is linear in the velocity. In contrast, the torsion-induced force is
quadratic.

To relate the two, one might tentatively identify:

Fyj ~ Sijra”, (7.1)
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but this identification is problematic because the right-hand side depends on the ve-
locity, whereas Fj; in electromagnetism is a field independent of the particle’s state of
motion. Moreover, the force in (7.1) would be antisymmetric in ¢, j (since S;j; is anti-
symmetric in the first two indices) and linear in velocity, which is closer to the Lorentz
force. However, our geodesic equation (4.3) is quadratic in velocity and involves a
different combination of torsion components.

A more consistent geometric approach to unifying electromagnetism with gravity
using torsion might involve introducing a coupling between the torsion tensor and
the electromagnetic field strength. For example, in Einstein—Cartan theory, torsion
is coupled to the spin density of matter, not directly to the electromagnetic field.
Alternatively, in some Kaluza—Klein theories, torsion components in extra dimensions
can be related to electromagnetic potentials.

Despite the differences, the analogy suggests that torsion could represent a gener-
alized force field. The quadratic dependence on velocity might indicate that torsion
affects particles differently depending on their energy or momentum, which could have
implications for high-energy physics or cosmology.

In summary, while the geodesic equation in Y with torsion shows that torsion can
exert a force on particles, the exact relationship with known force fields like electro-
magnetism requires additional structure and assumptions. This opens up interesting
avenues for further research on the physical interpretation of torsion.

7.2. Electromagnetic Interpretation

A longstanding aspiration in theoretical physics has been the geometric unification of
gravity and electromagnetism. In the context of Euclidean Y with torsion, one possi-
ble approach is to identify the torsion tensor with the electromagnetic field strength.
Consider the ansatz:

Sijk = Fijug, (7.2)

where Fj; is the antisymmetric electromagnetic field strength tensor and wy, is a fixed
vector field, often interpreted as a cosmic vector or the velocity field of a background
medium. This ansatz imposes a particular algebraic structure on the torsion tensor,
constraining it to be "simple” in the sense that it factorizes into an antisymmetric
tensor and a vector.

Substituting (7.2) into the vacuum field equation obtained from the metric variation,
equation (6.3), we compute:

S3SL; = (Flau) (Fhuy) = FjiuFlpud

where indices are raised and lowered with the Euclidean metric d;;. After rearranging,
we obtain:

Sfésllcj = (Fjiu?)(Fypu!) = E;Ey,

where we define E; = Fjiuj, which can be interpreted as an electric field component
relative to the vector uy. The vacuum field equation (6.3) then becomes:
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R, + E; E, = 0. (7.3)

This equation shows that the Ricci curvature is directly sourced by the square of
the electric field. In the weak-field limit, where the curvature is small and the electro-
magnetic field is weak, equation (7.3) may approximate the coupled Einstein—-Maxwell
equations in a specific gauge or under particular symmetry conditions.

However, it is important to note several limitations of this interpretation:

1. The ansatz (7.2) restricts the torsion tensor to a specific form, which may not be
general enough to describe arbitrary electromagnetic configurations. 2. The resulting
equation (7.3) lacks the full structure of the electromagnetic energy-momentum tensor,
which typically includes both electric and magnetic contributions and a trace term.
3. The fixed vector ug introduces a preferred direction, breaking the isotropy of space
unless it is a Killing vector of the background.

Despite these limitations, the electromagnetic interpretation of torsion offers an
intriguing geometric perspective. It suggests that the electromagnetic field may be
understood as part of the spacetime geometry, specifically as the torsion of the con-
nection. This idea resonates with earlier unified field theories proposed by Einstein,
Weyl, and others.

In conclusion, while the identification (7.2) leads to an equation that resembles a
simplified version of the Einstein—-Maxwell system, a complete and consistent geometric
unification of gravity and electromagnetism within the framework of Euclidean Y™
with torsion would require a more elaborate construction, possibly involving additional
fields or modified action principles.

8. Conclusions

We have systematically analyzed Euclidean space endowed with torsion, within the
framework of metric-affine geometry. Key findings include:

(1) The connection in Cartesian coordinates depends solely on the torsion tensor.

(2) Geodesics deviate from straight lines unless torsion is totally antisymmetric
(Theorem 4.1).

(3) Torsion generates curvature even when the metric is flat, as demonstrated by
the constant curvature induced by constant totally antisymmetric torsion in 3D.

(4) Field equations derived from a variational principle constrain torsion dynami-
cally, forbidding constant vacuum solutions and suggesting wave-like propaga-
tion.

This simplified model serves as a pedagogical bridge to more advanced gauge theo-
ries of gravity and unification. Future research directions include:

Coupling torsion to matter fields (spinors, currents).
Studying wave solutions for torsion in Euclidean space.
Exploring embeddings in higher-dimensional spaces.
Investigating the quantum aspects of torsion fields.
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